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Abstract 

We justify the feasibihty of substituting a photon leg by a neutrino cur- 
rent in the Euler-Heisenberg Lagrangian to obtain an effective Lagrangian 
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between these processes and the four-photon scattering in both the Standard 
Model and the effective theory. As an application, we compute the processes 
71/ — > 77z^ and 77 71^^', give their polarized cross sections, and show how 
to use the 77 — > 77 results as a check. We settle the question about the 
disagreement between two computations in the literature concerning the re- 
action 77 — > ^uV. 
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I. INTRODUCTION 



Processes involving neutrinos play an important role in astrophysics. For example, during 
the evolution of a star, neutrino emission carries energy away from the entire volume of the 
star, while, because of short range interactions, the compact (dense) central part is opaque 
for photons, which remain trapped inside. In that sense, contrarily to the neutrino, the 
photon is an "amnesic" particle. 

In particular, despite their small cross section, low-energy photon-neutrino processes are 
potentially of interest in stellar evolution as well as in cosmology. Typical examples are the 
processes 

7Z/ — > 7Z/ (1) 
77 —>■ vV (2) 
Z/I7 ^ 77 . (3) 

Nevertheless, the cross section for such reactions is too small. In fact, due to the Yang 
theorem |l| , which forbids two photons to couple in a J = 1 state, their amplitude is exactly 
zero to order Gj? |^ in the Standard Model (SM) and they are suppressed by powers of 
oj/Mw, where u is the centre-of-mass energy of the photon and Mw the W boson mass. 
In case of massive neutrinos, a suppression factor myjMy^ is also present, where vrty is the 
neutrino mass. For massless neutrinos, the first non-zero contribution is always of order 
and the SM cross sections have been shown to be negligibly small in ref. P|. 
On the contrary, five-leg processes involving two neutrinos and three photons, such as 

7z/ — i> 77Z/ (4) 
77 — ^ ^vv (5) 
vv 777 , (6) 

are not constrained by Yang's theorem. Moreover, the extra a in the cross section is com- 
pensated by an interchange of the LojM^ suppression by an uj/me enhancement. 

Recently, Dicus and Repko derived an effective Lagrangian for five-leg photon-neutrino 
interactions ||^. They based their derivation on the Euler-Heisenberg Lagrangian |5|. After 
Fierz rearranging, taking the large mass gauge boson limit, and applying Furry's theorem, 
they found that the amplitude of the five-leg photon-neutrino process reduces to a four- 
photon amplitude with one photon field replaced by the neutrino current. Using such a 
Lagrangian, they calculated processes @ and (|^) for energies below the threshold for 
e^e~ pair production, showing that the energy dependence is uj^^. By extrapolating this 
result beyond the range of validity of the effective Lagrangian, the resulting cross sections 
are of the order of 10~^^ cm^, for ~ 1 MeV. This is to be compared with process (P, whose 
cross section is of the order of 10~^^cm^, for ~ 1 MeV 



2 



Basing their work on ref. Harris, Wang and Teplitz investigated to which extent 
five-leg neutrino processes affect the supernova dynamics, in case the results of ref. 0] could 
indeed be extrapolated above 1 MeV. They estimated that, in order to fit with the data of 
SN87A, the cross sections of reaction (^) should have the behaviour 10^^^(c<j/l MeV)~^'^ cm^ 
for uj of the order of few MeV. 

Furthermore, the computation of process in ref. disagrees with the result obtained 
in 1963 by Hieu and Shabalin 0. 

Given the above scenario, the aim of this work is threefold. First, we would like to 
demonstrate, step by step, in a somehow pedagogical way, the derivation of the effective 
theory for inelastic photon-neutrino processes from the effective Euler-Heisenberg theory 
describing elastic photon-photon interactions. Secondly, we want to settle the question of 
the disagreement between the calculations of refs. and for process (^, which is an 
important energy-loss mechanism in the stellar evolution. The conclusion is that our result 
agrees with that of ref. [Q. Thirdly, as a cross-check of ref. [^, we compute the direct 
process 7z/ — > 771^, explicitly giving all polarized cross sections in the effective theory. All 
calculations in this paper are performed with massless neutrinos. 

It goes without saying that computing processes (H), (H) and ® exactly in the SM, for 
energies above the e^e~ production threshold, is of extreme interest so as to precisely settle 
their role in astrophysics. Such a computation is under way P, and, when completed, will 
give cross sections valid for all energies up to a; < M^y, therefore setting the real range of 
validity of the effective theory. 

The outline of the paper is as follows. In section II, we derive the effective five-leg 
Lagrangian from the SM. In section III, we compute the polarized and the total cross section 
for 77 — > '-yvv. Finally, in section IV, we deal with the process 7Z/ — > 771^, whose polarized 
cross sections are exphcitly presented in the appendix. 



II. DERIVATION OF THE EFFECTIVE LAGRANGIAN 



Our starting point is the leading term of the Euler-Heisenberg Lagrangian 
the photon-photon interaction of fig. la: 



a 



E-H 



180m4 



5 {F^uF^y - lAF^^F'^'^FxpFP^ + 0{a 



describing 



(7) 



In this equation, a is the QED fine structure constant, irie the electron mass and F^i, the 
photon field-strength tensor. £e-h can be obtained by matching, in the large me limit, the 
exact result with all possible operators compatible with the symmetries, at a given order in 
the momenta and powers of 1/M^. 
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P4, £4 P4, £4 

Fig. 1: Four-photon interaction in the effective Lagrangian (a) and in the SM (b). 

In order to find the relation between the effective Lagrangian of eq. (|^) and the one 
describing processes (^), (|^) and (|), we write down the corresponding amphtudes in the 
SM, and show under which approximations they are equivalent, up to a global factor. 

At the one- loop and at leading order in reactions (^), (|) and (|^) are given 

by the diagrams of fig. 2, plus all possible permutations of the photon legs. The scale is 
determined by the mass of the fermion running in the loop, so that, at low energies, the 
leading contribution is given by the mass of the electron. Amplitudes involving higher mass 
particles, such as /i, r, gauge bosons G, or hadrons H (at these energies quarks combine 
into hadrons), are suppressed by powers of 1/Mj, with i = fi, t,G,H. It is precisely the 
appearance of rrie as the scale, instead of Mw (which turns out to be the scale that controls 
reactions (||), (0) and (0)), that makes these processes relevant at energies of the order of 
few MeV. 




u ^ P5 Pa I' Pb 

Fig. 2: SM leading diagrams contributing to five-leg photon-neutrino processes. 

We denote by Aijk and Bijk the contributions coming from diagrams (a) and (b) in fig. 2, 
respectively. With this notation, /c label a particular permutation of the photon legs. 
Therefore, the total amplitude reads 

= e"(Pi, \,)e^{P,, X,)e^{P„ A3)[(<3^ + A'^^,') + (^^^ + A^A') + (<3^ + <2^) + 

(i^ifs" + + (5it2" + + (<3" + <2")] , (8) 

where e"(Pj, Aj) are the polarization vectors associated with the i — th photon. We grouped 
the amplitudes because, as we shall see, it is convenient to consider the diagrams in pairs. 
For instance, the amplitudes for the first two diagrams are 
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= -{gs 



3/ 9 



w 



2c 



w 



2c 



A^y (27rj 
1 \ 1 



A^y (2 



Q23 Q2 Qo Qi 



(23) 



(9) 



where Qf = nie {Qo = q, Q23 = q + P2 + Ps, Q2 = q + P2, Q~i = q - Pi, etc' 
1/Az = 1/ Up, + p^f - Ml) ~ -1/M| and 



+ 1 2 1 

=Ve± tte, Ve = -- + 2s^, , 0.^ = - 



Furthermore, Sw and Cw are the sine and cosine of the Weinberg angle, = (1 ± 75)/2 
and 



= ^^+(5)7^w_M_(4) . 



(10) 



By reversing the trace in A321, changing q to —q and me to —rrie (only even powers of rrie 
survive) one finds that A321 is equal to A123 with the replacement w'^ — * w^'' . Thus, in the 
sum, the 75 contribution cancels in the trace and the pair loses memory of the axial part: 



W ' 



lia/3-y 



rfg'^Tr 



^ a" 

V23 V2 VO Vl 



(11) 



The same trick can be applied to each pair of diagrams of type B. For instance 



{2n) 



dq^'Ti 



Q23 Q2 Qo Qi 



1 



Awiq) 



(12) 



where Avv(q') = {q + P2 + Ps + P^Y — M^. At this point, to consistently retain only terms 
0{jj^), one has to expand 1/A]v{q) as follows: 



1 



k^ + 2q-k 



(13) 



AH^(g) q^-M^ {q^ - M^){{q + kf - M^)' 

where A; = P2 + P3 + Ps- Once introduced in eq. (p!2D, the first term in the r.h.s. of eq. (|13| 
allows the following splitting 



1 



q2 _ jj^2 g2 _ ]\^2 



w 



0{l/M^) . 



(14) 
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The first term in the previous equation gives an Li-type integral, while we have explicitly 
checked that, after adding the contributions of all B'^^^, the second term vanishes at order 

On the other hand, the second term on the r.h.s. of eq. (|13|) is of order and can 

therefore be neglected. This can be easily seen by splitting again the denominators as shown 
in eq. (|T^. That procedure already generates an overall factor, and what remains is 

finite and proportional to an extra factor 

In conclusion, at leading order in the set of four diagrams (from a total of 12) is 

always proportional to Li: 

5 3 1 

^123 +^321 +-^123 + -D32I — 2 U + '^/^^c^ 1 ■ ^ ^ 

Similar results are obtained for the other two groupings of four diagrams, the only difference 
being a trivial change of momenta and indices inside Li°'^'^ . 

At this point, the correspondence with the four-photon scattering is evident. In fact, 
by fixing the fourth photon leg and calling Ci2^ the corresponding amplitude in fig. lb, one 
finds a contribution proportional to the same integral Li. 

Ct^^ + Cgfr = 2ghUM^ \^)LT'' , (16) 

and similar results for the two remaining combinations Ci^2 + ^'231''^ and €21^ + C^i2 ■ 
Therefore, since the four-photon process is described, at energies below mg, by the Euler- 
Heisenberg Lagrangian of eq. (^, it turns out that the same effective Lagrangian can also be 
used to describe processes (H), @ and (||). The only change is the replacement of a photon 
line with a neutrino pair. That can be formally achieved by considering the two neutrinos 
as a new "gauge field" Q = V^7iy(l — 75)'?/' = '2,V,j, with field strength Ffj_„. 

In conclusion, the effective Lagrangian for the five-leg interaction depicted in fig. 3 reads 



C. 



C 



eff 



5 (f^.F^'^) [F^pF^p) - UF^.F'^^F^pFP^] . (17) 



180 

The constant C remains to be fixed. This can be easily obtained by considering the following 
ratios of amplitudes in the large-rrie limit 



^We are using a different convention for 75, with respect to ref. 



6 




P4 ly jy P5 

Fig. 3: Five-leg photon-neutrino effective interaction. 

where P stands for any of the processes (^), or (|^), and 47 is the four-photon inter- 
action. 

The first ratio is given by eqs. ( ]T5| ) and (plGl): 

(19) 



while the ratio between the two effective amplitudes can be calculated using the effective 
Lagrangians in eqs. (0) and (PTj): 

where we have used the fact that the amplitudes for four-photon and photon-neutrino pro- 
cesses have exactly the same momentum dependence in both SM and effective theory. Fi- 
nally, from eqs. (|19]) and pO|) we derive 



which agrees with the prefactor of the effective Lagrangian used in ref. 

From the previous derivation, it is clear that the analogy between the two processes also 
holds at the level of the exact calculations in the SM, within the approximations discussed. 
Therefore, by substituting 

C^—, and F^^2e^(Jt,A4) (22) 

(for any polarization A4 = ±) in the five-leg photon-neutrino process, the amplitudes of the 
four-photon process should always be recovered. Notice that in the equivalence between 
our process P and the four-photon process, one external leg of the four-photon amplitude 
should be taken off-shell. 

The previous derivation can be generalized in a straightforward way to an arbitrary 
number of external photons. 
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III. POLARIZED AND TOTAL CROSS SECTIONS FOR 77 ^ juV 



In this section, we give details for the computation of process (^). Our main motivation 
is the disagreement between the calculations of refs. 0] and . For massless neutrinos, the 
differential cross section reads 



(23) 



Pi - Pl+ P2, Pf - P3 + Pu + Pp, dP - (2^)32c^ . 

Here, Pi^2 are the momenta of the incoming photons, P3 the momentum of the outcoming one 
and Pu^p the momenta of the outcoming neutrino-antineutrino pair. Therefore the dilepton 
energy is 



= Pi, + Pp ; 



Tfi reads 



Tfi = CM„u,{P,)Y{l - l5)uu{Pp) 



(24) 



(25) 



then 



IT 



{P, ■ M){Pp ■ M*) + {P, . P,)|M|2 - le^^p^Pl^P^MPM*'^ , (26) 



with C given in eq. (|2T|) and 

= (A, Ai)e"HA, A2)e"^(P3, \^)M^,^,^^„{P^, P,, P3, k,) . 



(27) 



The functions e(Pj, A,) are the polarization vectors of the photons and Ma-i^a2a3a is the 
scattering tensor defined by 



Maia2a3a ( p p p U \ — rroi/Si Aia2/32Aia3/93A3 rri 
l-Tl, -f2, -Ta, fc4j = U J-XiPi\2P2^-iP'itiy 

Finally, the tensors U , T, and S are 



(28) 



5, 



j^Ai/3iA2/32A3/33/ii/ 



10 
180 



|[^mAi^./3i (^A2A3^/32/33 _ ^ /33))] - [/i ^ Z/] } 
+ i) { [(^?'^'^?^^'^ - (A Ai)) (/^A3^/33, _ ^ A3))] _ [^^ ^ X2 ' 



(29) 



Using the Ward identity k'^M^ = and the fact that the last term of eq. ( ^6]) cancels^ when 
taking the square, we simply get 



Since the tensor "i^aaao- jj-^ gq_ (p^) is real by construction, the last term of eq. (26) immediately 
vanishes, for symmetry reasons, when taking a real representation for the polarization vectors 



appearing in eq. (27). 
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2(P,-M)(P,-M*) + (Pp-P,)|M|2 . (30) 



To compute the phase-space integrals, we work in the centre-of-mass frame of the two 
incoming photons: 

Pi = {uj,u) = uj{l,n), P2 = uj{l,-n), = {uji,uji) = uJi{l,n'), 

P^ = {UJ2,UJ2) = ^^2{^,n"), Pp = {2uj - Ui - uJ2,-(^i - u}2), (31) 

where n, n' and n" are unit vectors. In this process, P^ and Pp always appear as a sum in 
the amplitude, and k^^ = {2u — ui, —uji). 

The scattering plane is defined by the unit vectors n and n'. The polarization vectors 
of the two photons with momentum uj and uji can be defined with respect to this plane, as 
follows: 



e(ra, ±) =e(n', ±) = \ 0,eijk 
,^ ,,, / n' — cos 9 n 

n' cos 9 — n 
sin 9 



sin 9 



e(^MI)= 0, — , cos^ = n-n'. (32) 



The completeness and normalization relations are easily checked 

e^{k, X)e^{k, A) = -1 , for A =±, || . (33) 

In the previous equations, k = {k^, k) is the momentum of the photon and k' any arbitrary 
vector non-parallel to k and such that k''^ = 0. The simplest choice is k' = {—k^, k). In the 
frame defined above, by using the fact that M is real with our choice for the polarization 
vectors, each of the two terms in eq. ( pO]) gives a contribution proportional to |Mp, for each 
set of polarizations (Ai,A2,A3). After integrating over the lepton pair, the polarized cross 
section has the form 

da(Ai, A2, A3) = , sr^^'plo ^5 ^'(^i' \,)kf^ , (34) 
3 m°(Pi ■ P2)(27r)^ oji 

where a = 1 + Ve- By inserting eq. (^) in eq. (0), one explicitly gets 



■ uj'^ uj\{(jj — uJi) {Aoj — sin^ 9 uj-^ 



sin 9d9duJi 6075 vr^ 

oj'-^ ujI{uj - uji) (-4 (-4 + 3sin^^) uj'' 



sin 9d9duJi 6075 m^vr^ 
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+ 4sm 9ujuJi + sm Ouoi 

sinOdeduJi 48600 m^vr^ V V ; 

- 4 (79 + 33 cos 6) sin^ eujuJi + 9 sin^ 6 
da{±,±,\\) Gla^a^ 



uj^ ujI{uj - uJi) (4 (9 + 7sin2 0) cj^ 



sin^rf^rfcji 12150 m^vr^ 

- 1 12 sin^ ^ + 49 sin^ 
rfadi, II, ±) Gla^a^ 00, ,/ ^9 \2 

^^^^^ISST^ = 4«2n°'°B '^■('^ - '^'KlS" + 22 COS 9) ^ - 3 Bin 0' u,,f 

sm udaduJi 48600 m°7r* ^ ^ 

= -^^i^^y ul {u-u,) f (34 - 22 COS e)uj-?> sin o^i) ' 
smOdedui 48600 m^TT^ iv i^V^ ^ V 

da^^_^^_GW^ 3^3^^_ ^ ^ U (317- 374cos0 + 93cos2^) 

- 4 (79 - 33 cos 9-79 cos^ ^ + 33 cos^ O) ujuji + 9 sin^ cji^) . (35) 



By summing the above contributions and averaging over the initial photon polarizations, 
one gets the unpolarized differential cross section 

^777^ = —ru^u^AuJ - ui) (2224w^ - 592sin2 0cj2 

sin ededuJi 48600 m^vr^ V 

- 520 sin^ 9ujuJi + 139 sin^ 9 tui^) , (36) 
from which the total cross section immediately follows 

637875 TT* Vmp/ 



The formulae in eqs. (^) and (jS^) agree with the results presented in ref. Q and disagree 
with the ones obtained by Hieu and Shabalin 0. 

As a cross-check, we computed the polarized amplitudes for the process 77 —>■ 77, using 
the effective Lagrangian of eq. i\L7\} , where we substituted back the neutrino current with a 
photon polarization, and put u = ui in order to have an on-shell photon. We recovered all 
the polarized amplitudes given in ref. 



^In the polarized amplitudes are correctly reported, while we found a mistake in the general 
expression for the four-photon amplitude. The global sign of the fifth line of eq. (54.21) should be 
a minus. Since the computation of ref. is based on ref. Q, that mistake could be the source of 
the error in ref. Q. 
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IV. CROSS SECTION FOR -^u -fju 

In this section, we present results for the differential and the total cross sections of process 
(^). As a cross-check, two independent calculations have been performed. On the one hand, 
we directly squared the amplitude with the help of the completeness relation of eq. (p3|). 
On the other hand, we separately calculated all helicity amplitudes. The corresponding 
polarized cross sections are given in the appendix. The unpolarized differential cross section 
reads, in both cases 



d^a _ a^a^GW (75880;^ _ 21055 o.^ ^ + 



^^2 



dujiduj2 607507r4m8 

+ 2uj^ (ll063c<;i2 + 21750^1^2 + 11063^^2) 

- 2 (6067 uj'l + 15552 ujI uj2 + 15552 uji ujI + 6067 ujfj 

+ 2uj (2085 ojI + 5372 ujI uj2 + 8103 ujI ujI + 5372 uji ujI + 2085 u^) 

- 139 (hujl + lhujluj2 + 2Qujlujl + 2Qujlujl + lhuJiUjl + hujf)) , (38) 



where uJi and UJ2 are the final photon energies, computed in the centre-of-mass of the initial 
state. Integrating over oji and uj2 gives the total cross section 

r , r , 262 GWa^ f uj\^ 2 
a(7z/ ^ 771/) = / dui du2 = ^ — — )uj. (39) 

JO J{uj~uji) duJiduj2 127575 vr* xnieJ 

The results in eqs. (|38| ) and (^) agree with the corresponding expressions in ref. Q], which 
we confirm. 



V. CONCLUSIONS 

In this work, we justified the effective Lagrangian approach, based on the four-photon 
Euler-Heisenberg Lagrangian 0, to compute five-leg photon-neutrino processes. We gave 
all essential steps for the derivation of the effective Lagrangian at leading order in the Fermi 
theory. We computed the processes 77 — >■ 71/1/ and 7Z/ 771^, explicitly listing all polarized 
cross sections. 

Concerning the process 77 li'v, we confirm the results of the calculation reported in 
ref. [Q, while we disagree with the expressions of ref. [0]. 
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Appendix A 
Poleirized cross sections for the — > 771/ process 

We work in the centre-of-mass frame of the photon-neutrino initial state: 

Pi = {uj.uj) = uj{l,n), P2 = = P3 = (a;2, ^^2) = ^^2(1, r^"), 

Pa^^ ^ uj{l,-n), P5 = (2a; - a;i - a;2, -a;i - a;2) , (40) 

where n, ft' and ft" are unit vectors, Pi, P2 and P3 are the initial and the two final photon mo- 
menta, respectively, while P4/5 are the initial/final neutrino momenta. The five independent 
phase-space variables can be chosen as the two energies uj\^2 and three angles that determine 
the overall orientation of the tripod (^, Two angles (cci, 0i) fix the direction of ^ 

and one angle takes care of the rotation of the (^, ^) system around With this choice 
of variables, the polarization vectors for the incoming photon read 

/O \ /O \ 



e(n. 



— sin 01 

— cos 01 cos CKi 

\ cos 01 sin ai J 



e(n,±) 



cos 01 

— sin 01 cos Oil 
\ sin 01 sin cci / 



(41) 



Denoting by 9 the angle between the two final-state photons (cos 9 — n' ■ n") , our choice for 
the polarization vectors of the two outgoing photons is instead 

n'^n"^\ 



e(n',±) = e(n",±)- (^0, 



sin^ 



en 



0, 



n 



cos 9n'^ 



sin^ 



en 



0, 



n" cos 9 — n' 



sin^ 



(42) 



The computation of each set of polarizations gives the following polarized cross sections: 
dV(±,±,±) dV(||,±,±) a?a^GW ■ 



dujiduj2 



dujiduj2 



2430007r4m! V 



6598cu^ - 365t^^ - 853a;fc;2 



- 14477a;^ (a;i + UJ2) + a;^ (l0378a;i^ + 2SlUu;iU2 + 10378u;^) 

- 2uj^ (2041^-^ + SeTTcJi^cua + 8677cjicj^ + 2041cu^) 

+ 4a; (487a;i^ + 1135cu?tU2 + 28586^1^6^^ + 1135c;iW^ + 487a;|)) 

) (iV(±,||,||) a^a^Glu^ 



.2, ,3 



(43) 



duidu2 



dwiduj2 



2430007r4m! 



.2, ,3 



(3342u;^ - 365c^^ - mu\u2 

- 1238a;ia;2 - V^'i'^^A^l - - 365a;2 

- 9373a;^ [u^ + ^^2) + {^1^2J{ + 22600a;ia;2 + 9762a;^) 

- 14cu2 (367cj5* + llSScJi^cJs + llSScJicj^ + 367cj2^) 

+ 4t^ (443a;^ + 1003tu?tU2 + 2418ujIuj^ + 1003a;ia;^ + 443a;^)) 



(44) 
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dV(X, II. X) _ Sad II. X) _ _ _ ^^^^ 



dujiduj2 duoiduj2 2430007r4m8 

,3, ,2 coon, ,2, ,3 OKO'7, , , A inoK, ,5 



- 5066u;^u;| - 5330u;^u;^ - 3537u;iu;| - 1025a^° 

- o;^ (30449u;i + 29921u;2) + 2u;=^ (l7289u;? + 30814a;iu;2 + 16893u;i) (45) 

- 2uj'^ (9829a;i + 221blujluj2 + 22493u;ia;2 + 9829a;2) 

+ Auj (ih^lul + A27QujIuj2 + M&huJiujl + 4336u;iu;2^ + 1653tt;f 



dujiduj2 dujiduj2 2430007r4mf V 112 

- bSSOtofcu^ - 5066luIu^ - 3273luiu^ - 1025w^ 

- (29921 LUi + 30449 cua) + 2lo''' (16893cJi2 + 30814cui 002 + 17289a;^) (46) 

- 2u}^ (9829u;? + 22493u}lu}2 + 22757 cunul + 9829u;^) 

+ (l653ujf + 4336a;? a;2 + 5i65ujful + 4270a;ia;^ + 1587a;^)) . 
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